RULED SURFACES WHOSE FLECNODE CURVES HAVE PLANE
BRANCHES*

BY

A. F. CARPENTER
INTRODUCTION

According to the point of view of Cayley, the curve of intersection of a
surface with its tangent plane has a double point at the point of tangency.
If this double point is also a point of inflection on one of the branches of the
curve of intersection, Cayley very aptly calls such a surface point a flecnodet
and speaks of the locus of all such points of a surface as its flecnode curve.
Since the inflectional tangent at such a point must be regarded as having four
coincident points in common with the curve, the flecnode curve may also be
thought of as the locus of those points of a surface at which four-point tangents
can be drawn. This point of view was first adopted by Salmon.} It is the
latter property of the flecnode curve with which we are here concerned.

On each generator of a ruled surface there will be in general two flecnodes
since four consecutive generators of the surface have two straight line inter-
sectors. In this sense the flecnode curve will be spoken of as having two
branches. In the same way the flecnode surface, or locus of the four-point,
or flecnode, tangents, will be a ruled surface of two sheets, one sheet through
each branch of the flecnode curve.

In the general theory of ruled surfaces as developed by Wilczynski§ many
important theorems are obtained by taking for directrix curves the two
branches of the flecnode curve. It is the purpose of this paper to consider
those ruled surfaces whose flecnode curves consist of two plane branches.
Three cases will be considered: 1, when the two branches are non-rectilinear
and distinct; 2, when the two branches are non-rectilinear but coincident;
3, when one, or both, branches are straight lines. As far as possible the

* Presented to the Society, December, 1914.
t Cayley, Collected Mathematical Papers, vol. II, p. 29.
{Cambridge and Dublin Mathematical Journal, vol. IV, 1849,
pp. 252-260.
§ Wilczynski, Projective Differential Geometry of Curves and Ruled Surfaces. Hereafter
referred to as W.
509
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notation used will be that already made familiar to mathematicians by the
work of Professor Wilezynski to whose helpful suggestions and sympathy
is due the inspiration for the work here presented.

The theory of ruled* surfaces may be based on the consideration of the system
of ordinary linear homogeneous differential equations

(4) ' +puy +ped +quy+ qez=0,
) 2 A pay + pe tgay+ qez=0,
where pi, g are functions of x.

If (yi, 2:), (¢=1, ---, 4) is a fundamental system of simultaneous
solutions of (4),y1, -+, ysand 21, - - -, 24 are interpreted as the homogeneous
coérdinates of two points P, and P, of space. As z varies P, and P, trace
curves C, and C, between which there is evidently a point to point corre-
spondence and which are directrix curves of the ruled surface S generated by
the line L,,.

Every transformation of the form

¢y n=ay+pz, (=vy+o, E=f(z),
where o, B8, v, 8, f are arbitrary functions of x and for which
D=ad—By+0,

transforms (A4) into a new system of the same kind. Geometrically, (1)
serves merely to replace the curves C, and C, by two other curves C, and C;
of S and to change the parametric representation of the surface.

The differential equations of C, and C,, that is, the differential equations
satisfied respectively by y1, - -, ysand 21, - - -, 2, are in general of the fourth
order. If either, say the one for C,, is of the third order, then between
Y1, -+, Ya there exists one linear relation, that is, C is a plane curve.

The necessary and sufficient conditions that €, and C. be plane curves,
that is that their differential equations be of the third order, aref respectively

@) Ay =prasie — querie =0, Ay = P21 $291 — qa1T21 =0,

where

3 r1p = p1z (P11 + P22) — Py — Qu2, T2 = Par (Pu1 + Pa2) — Por — 21,
$12 = P11 Q12 + D12 Qo2 — Qias S21 = P21 qu + D22 Q21 — q;1 .

The fundamental invariants of system (A4 ) aref

O,=I—4J, ©,,=80,0)—90,+810], ©19=(I2—4J)(K—I")+(II'—2J")?,

*W., p. 126 et seq.
t W., pp. 229, 230.
t W., Ch. IV.
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Uyl — U2  Use u21!
1

“4) Oy =|v1— V2 Vp2 021!,

W11 — We2 Wiz W2

where the quantities u are defined by the equations

un = 2py - 4qu + ph + P2 pa,

w1z = 2piz — 4g12 + P12 (P11 + p2),
(5a) )

Uor = 2pa1 — 4q21 + P (pu + P22),

Uge = 2D — 4qe2 + D32 + D12 P,
where v11, 912, %21, %22, denote the quantities

= 2un + P12 U21 — P21 U2,

v = 2wy + (P11 — Po2) Ure — P12 (U1 — Usz),

(5b) ,
V21 = 2ug; — (P11 — Poa) Uz1 + Par (U — Uss),
Doy = 2Uz; — P12 Us1 + Po1 Una,
and where
w11 = 201, + P12 Va1 — Po1 V12,
(56) w12 = 202 + (P11 — Pa2) V12 — P12 (V11 — 22),
¢
we1 = 2031 — (P11 — Pa2) Va1 + Pa1 (v11 — 22),
Waa = 2033 — P12 Vo1 + Pa1 iz,
(5d) I =y, + Usz , J = Uy U — U2 U21, K = 911932 — v12 21

511

A suitable transformation* on the dependent variables reduces (4) to a

new system which may be written without danger of confusion

F) v+ pe? +quy+3p:2=0, 2'+puy +ipny+qez=0,

and for which

(6) P = P22 = Uz = ug = 0.
When this transformation has been made the fundamental invariants reducef
to
04 = (un — u22)2 = 16 (Q22 - l]11)2,
) 041 = 8040, — 96," + 8 (un + us) O},

6y = 20, ‘lat (P21 pfz — P12 P;I), O = 93 P12 Pa1.

*W., pp. 116, 117.
t W., pp. 119, 120.
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If neither O, nor Oy is zero, the coefficients of (F) may be expressed in terms
of the invariants by means of the formule

(8a) rn =0, P2 = 0, Q12 = D22, 921 = 3D,
a. — @ a. — @
P = VO eifVe,QT‘odz, oy = Y 6—{/ Ve,g;’;dz’
94 94

1 . ,
(8b) 65q11 = Y (1605 — 041 + 80, 0, — 90;%) — 80,,

1 rr ’
64qyy = & (1601 — O4.1 + 80,0, — 9077) + 80,.

Geometrically the reduction of system (A4) to the form (F) is equivalent
to choosing the two branches of the flecnode curve as directrix curves Cy, and
C.. This reduction can always be made if 8, # 0, i. e., if the flecnode curve
has distinct branches.* It is with system (F) that we shall deal in part 1.

I. THE TWO BRANCHES OF THE FLECNODE CURVE ARE DISTINCT, NON-
RECTILINEAR, PLANE CURVES

By means of (8a), equations (3) become

— 3 ’ . 1 rr
©) T2 = — 2D12» S12 = P12 Q22 — 2P12>

r = — §py, $21= Pa1qu — 3D,
and by substituting from (8a) and (9) in (2) we obtain the necessary and
sufficient conditions that C, and C, shall be plane curves, in the form
(10) Ar = plages — 3pr2pis + $pis = 0, Ap = phqu — par pin + $p1 = 0.
We have from (8b) by differentiation

P~ To g (04 V04 0 + 20,6l — 46, 6u),

A 41
Pa = 494 em

(— 04V0, 65 4 20, 0], — 46; 6y),

(11) Pis = g0 o, (010} — 4676 + 326" 0}, — 60,6, 0, 6,0,

- 1694 9; 910 9;0 + 49: ‘/64 9; elo + 893 elo 9;(’1 - 1694 9;' efo) ’

o p21
P2 = 1607 6,
— 166, 9; S 9;0 - 49Z ‘/9—4 9; 0, + 89: 650 9;; — 166, 6’4, efo) .

*W., pp. 148, 149. The necessary and sufficient condition that Cy, and C, be the two
branches of the flecnode curve is %12 = U1 = 0.

(6207 — 4020, + 320,” 0%, + 60,40, 0, 0, 6,,
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By substituting from (8b) and (11) in (10) we obtain A; and A; in terms of the
fundamental invariants, in the form

pgl 0,

2
_ Dy 4, _
A * = 6407 6,

~ 640707,

=0, A

= ()’
where
81 = 1603, — 0.1 0%, + 400, 0] 0%, — 250,° 6%, + 6% 0% + 2002 O;;
— 160, 6; 65, 01, — 1602 0101, + 46, V0, (20, 6%, — 36, 6, 659
— 20,0, 01 + 30,6, 0)),
8 = 160}, — ©4.1 0%, + 400, 0] 0}, — 250," 6}, + O} 6}
+ 200: 0}, — 160, 0, 05, 0, — 160 Oy, O}y — 40, V0, (20, 67,
— 30, 0,019 — 20,0, 01 + 30,6,6],).

Now p12 can not be zero for otherwise the first of equations (F) would reduce
to a second order equation in y alone, that is, C, would be a straight line
contrary to our hypothesis. Similarly for p,;;. We conclude therefore that
61 = 0 and 8; = 0 are the conditions for a flecnode curve with two distinct non-
rectilinear plane branches.

It should be noted that 8, and 8, are tnvariants of weight thirty. We have*

Oy = 96, 0, — 46, 6,, 015 = 561 0, — 20, 0},,
O = 15055 0; — 40,05, 0y = 1005 0; — 96, O}, .
From (12) we find
81 — 8, = 80, V0, (30,05 0, — 20, 0; Oy — 30; 0 Oy + 20, 6%,),
(14) & + 8 = 2 (166}, + 6} 85 — 64.1 6}, + 400, 6, 67,
— 1602 0, 0], + 2002 0] — 160, 0, 0,0}, — 250.” 6%,),

(12)

(13)

or, by making use of (13),
8 — 8y = — §0,V0, (01 O14 + 046y — 60, 6%,),
o1 + 8, = 2 (1603, + 6} 0] — 04, 07, + 565 + 20y ¥%),
whence
81 = 1663, + 63 0} — 0,.1 0}, + 505 + 204 J20
— 40, VB, (010 014 + 0,05 — 60, 6%,),
d; = 160}, + 63 05 — 04.1 6}, + 56, + 20,9 9
+ %0, VO, (810 O14 + 04 0y — 604 6%),

which equations put the invariance of §; and &, in evidence.
*W.,p. 112.

(15)
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The differential equation for C, is,* in view of (8a)

(16) v +3my" +3p:y +psy =0,
where ,
P = —'&2— P2 = —l(Pszl—QH)
2?12’ 8 ’
a7 2y
ps = —%Z“— 3P12 P + Qi

The invariant of weight three for this curve may now be calculated. It is

0; = P; — %P;,
wheret

(17a) Py = py — p} — p1, Py = p3 — 3p1 p2 + 2pi — pi.

By making use of (17), and of the first of (10) to eliminate derivatives of
higher order than the first, we find that

(18) 93=&£(Q22 = qu) — 3 (g2 — q),
D12
or, in view of (8b) and (13)
2
(19) 63 — 94 99 - ‘/5; 915
160, 6y
In similar manner we obtain the corresponding invariant for C,. It is
_Zﬁ — _1 ro_ __9299"_@915
(20) 0; = Do ( an q22) 2 (qll q22) = 160, 910 .

These invariants of €, and C, are also invariants of weight three of the surface

S.
Let us suppose that Cy, is a conic,} that is, that O3 = 0. We have from (19)
0ie, — 0, =0.
If C, is a conic, we find
6ie, +6,=0,

so that if either €, or C, is a conic we shall have the rational invariant equation
91 93 - 9%5 = .

But Wilczynski has shown that any ruled surface which satisfies this con-
dition has the property that the principal surface of the flecnode congruence
intersects one of the sheets of the flecnode surface along the second branch of

*W., p. 230.
t W., p. 59.
1t W, p. 61.
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its flecnode curve.* We conclude therefore that if either branch of the flecnode
curve of a ruled surface is a conic then the principal surface of the flecnode con-
gruence intersects one of the sheets of the fleecnode surface along the second branch
of its flecnode curve.t Moreover this theorem holds when only one branch of
the flecnode curve is plane.

Let us next suppose that both C, and C, are conics. By addition of (18)

and (20) we have
Pz _ P\, _ -
(p12 p21) (g22 qu) 0.

But if ¢22 — qu1 = 0, then by (7), 64 = 0, that is the two branches of the
flecnode curve are coincident,{ contrary to our hypothesis. It follows that
P12/P12 = Pu1/pa and therefore that

i(ﬁz)_l(@)2=1&_§(£ﬁ)z=i<&)
dx \ p12 2\ P12 P12 2\ i dzx \ pa

(3518
P21 P21 2 P21 )
Now from (10) we have

Pz 3 (piz )2 Py 3 (p;1 )2
2p =2 —S(22), 2 =22 -_I(22),
922 D2 2 P12 u P21 2 P21

1
T2

and this, with (21) gives again ¢22 — g1 = 0. We conclude therefore that
there are no ruled surfaces whose flecnode curves are composed of two distinet,
non-degenerate, conics.

It is possible, by a suitably chosen transformation on the independent
variable,§ to make uy; — ug = 1.

Let us assume that system (F) is such that

(22) P11 = Pa2 = Uiz = Ug1 = 0, Up — Uz =1,

and at the same time that C, is a conic while C is any plane curve not a conic.
From equations (7) we have
(23) 0, =1,

and from (19) and (13) it then follows, since C, is a conic, that
(24) 6y — 015 = 6y + 20}, = 0.

*W., p. 175 and pp. 216, 217.
tIf F’ and F" are the two sheets of the flecnode surface of S then S is one sheet of the
flecnode surface of F’ (F"') and C,(C.) is one branch of the flecnode curve of F’ (F”).
1 W, p. 150.
§ W, p. 117.
Trans. Am. Math. Soc. 34
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By means of (23) and (24) the first of equations (12) gives
81 =01, [8(261 + 1) — 64.1] + (6 + 261,) (65 4 106;,)
— 8010 (05 + 261y) = 01, [8 (2010 + 1) — 64.1]
But in our case §; = 0 and 65 F 0, so that we find
(25) 041 = 8(20 + 1).

Remembering also that é; = 0, the first of equations (14) may be reduced
by means of (23) and (24) to

(26) 201 0} — 303, + 0} = 0.
The general solution of (26) is

O = %
10 —‘41(142 _ ex)zy
and this result substituted in (24) and (25) gives

845 ¢ (4s + ) _[ 84, ¢* ]
Ai(ds—ey @ =8 g, —ep T

0 = —

We now have our four fundamental invariants expressed explicitly in terms
of the independent variable and two arbitrary constants. Consequently it
is possible to calculate the coefficients of system (F). By means of (23) and
the first of equations (8b), we find p12» = 4s. The last equations (7) then gives

_919_ 44, ¢
P21 T pre A1 A3 (A — )Y

From (8a) we find
o 24y (Ma + &)
qi2 = VU, q21—A1A3(A2_ez)3’

From the first of equations (10), since pi2 is a constant, g2 = 0, and since
Ul — U = 4(Q22 —qu) =1,
qu = —

.
.

The coefficients of system (F) have now been calculated. They involve
three arbitrary constants of integration, but two of these are not essential;
for the transformation

@7) n=y, §=z  f=z—logd,

leaves conditions (22) unchanged and serves to remove A, and 4s;. The
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transformed system of equations is

" , . 24, Aef (1 + ¢f)
28) 7" +¢ —in=0, ¢+ (1= et)? + (1 ety 1=

Since each value of A4 gives a system of equations defining a class of mutually
projective ruled surfaces,* we conclude that there exists a single infinity of
classes of mutually projective ruled surfaces having the property that their flecnode
curves consist of two distinct plane branches, one of which is a conic.

Closely connected with the flecnode curve of a ruled surface is its complex
curve defined by means of the linear complexes which osculate S along its
generators. Wilczynski has shownt that in general the complex curve cuts
each generator of S in two points and that these two points are harmonically
separated by the two flecnode points. The transformation which serves to
replace the pair of directrix curves associated with system (4), with the two
branches of the complex curve, is determined by the two factors of the co-
variant}

[ (un — uz2) w12 — (v11 — v22) ur2 2% + [ (w1 — use) o1
— (o1 — v22) U1 ] ¥ + 2 (a2 to1 — um V12) Y2
For system (F) this covariant reduces to
(w11 — u22)® (a1 y® — P2 ?),

so that the transformation which replaces the two branches of the flecnode
curve with the two branches of the complex curve is

(29) §=Vpuy+Vprz, z=1pny —Vpuz.

If we denote by pu, qi, (2, £ = 1, 2), the coefficients of this new system
satisfied by 7 and z, we have

— 1/ p, . _ 1/ ’
Z)11=Vp122321—§(&+?£), p22=—\/1_)H)2—1——-(£'—2+£ﬂ),

P12 P21 2\pz  pan
- _= _1 Iiz_zé)
(30) p12—p21—2(p12 o)’
=1 (248), Gamg=d(2o8)
Q11—Q22—2 p-;l pfz ) Q12—¢121—2 pﬁ; pfz .

If, as we suppose, C, and C, are plane curves, then according to (10)

qu=¢e=q:=¢a1=0,

*W., p. 132.
t W., pp. 204-206.
1 W., p. 208.
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and we may write our new system of equations in the form

i 1 (p;z P )] _ 1(2312 p‘:’l) -
v N — - Vg +5(=-=)7 =
g+ [ Prpan =g p12+p21 y +2 Pz Pn ? >

1{ pi Pél)_ IV\,—— 1(1);2 Pél)]_,
3 =)y - s\ =4+= =0.
‘ +2<27x2 P21 y _ p12P21+2 p12+p21 ‘
The differential equations for €, and C, may now be found. If we include
with the two equations (C) the equation obtained by differentiating the first

of the pair, we may eliminate 2’ and z’ from this set of three equations and
obtain

©)

=11/

§"" +=[(pu + p22) P2 — 1219"

P12
(31) T o ~
+E (pu1Pr2Pee — PPz + Pupiz — Pi2)§ = 0.
By a similar process

=111 1 - - - — =11

2" +=—[(pu + p22)pr2 — p1212
(32) 12

1 = = = = = = =3 \ 5/ *

+I—)—12(p11p12 P22 — Pi2 Doz + D12 Paz — Pi2)Z = 0.

Since (31) and (32) are of the third order only, we conclude that if the two
branches of the fleenode curve are distinct, non-rectilinear, plane curves, then the
two branches of the complex curve are distinet, non-rectilinear, plane curves.

We now wish to ascertain the relation which the planes of the two branches
of the complex curve bear to the planes of the two branches of the flecnode
curve. For this purpose we choose, with Wilczynski, the tetrahedron
P,P.P,P, for tetrahedron of reference, where

(33) p =2y +puy+ pes, 0 =224+ puy—+ pnz,

are semi-covariants of system (A4) which reduce to
(34) p=2y +puz, o=24pay,

for system (F). Moreover we may choose the local coordinate system asso-

ciated with P, P, P, P, in such a way that the point represented by the

expression Ay + pz + vp 4+ xo will have the cosrdinates (N, u, », x) .t
Referred to the tretrahedron P, P, P, P, the equation of the plane oscu-

* P12 + 0 for otherwise we would have pi» = kps1 and it would follow from (10) that
qir — Q22 = 0 y i.e., 04 = 0.
t This amounts to choosing the point represented by y + z-+ p+ o as unit point.
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lating C; at P, is
Ty X T3z X4
Y1 Y2 Yz Ys
(35) i=0.

A
I

But this is also the equation of the plane of ;. We have
9 = Vpu e + Vpr .

Making use of (34) and (10)

2, = <——— - \/_1;1321) Yr + ( T ‘/Pn)zk + ‘/Pn pr + \1)12 T
‘/pzl P12 (k=1 "

P21ﬁ2+ Por )yk

25, = (Pm P21 Vpar — VP12 P — V oo Vo
12 21 21

2

+<P12%p21—pizw/ﬁ—p’2p“+ e )zk

‘/le P12 V
+ (ﬁ—— - me p21)Pk + (
‘Jpzl

1]; — P12 ‘/E) g «
By means of these values, (35) becomes, after dividing by pe1 p1» — P12 i ,*

1 1 ) P
36) — — (f_ www) (v ).:m
(36) %xl ‘/plz Ty — D12 + o Vous 23+ | Vpa + - ‘/plz T4

In similar mannerf we obtain the equation of the plane of C, in the form

(37) ——z + _x2+(«/—‘-~~2! )3+(~F‘_J’" Yo =0.

Vpa1 Np12 Pa1 \/pgl P12 V1o
Now the equations of the planes of C, and C, aref respectively
(38) Pr2®s 4 Pia®s — Pras =0,
(39) D%y — Pu X3 + phxa = 0.

If (36) be subtracted from (37) and the resulting equation multiplied by
D1 \/-pE, (38) is obtained, while if (36) and (37) are added and the resulting
equations multiplied by 1ps Vpa1, (39) is obtained. We conclude therefore
that the planes of the two branches of the complex curve pass through the line of

* Do1 Dlz — P12 i1 + 0. See footnote p. 518. .
1 In view of (29), (37) may be obtained from (36) by changing the sign of Vp;s.
1 W, p.214. (38)and (39) are more generally the planes osculating C, and C, at P, and P,.
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antersection of the planes of the two branches of the fleenode curve. Combining
the last two results with the harmonic property of the points P,, P;, P,, P,
we are able to state the following

TueoOREM 1. If the two branches of the flecnode curve of a ruled surface are
distinct, non-rectilinear, plane curves, then the two branches of the complex curve
have this same property and the four planes of these curves form a harmonic pencil
of planes in which the planes of the two branches of the flecnode curve are separated
by the planes of the two branches of the complex curre.

We proceed next to investigate the converse of Theorem I. It is evident
from the start that if either p1 = 0 or ps; = 0, C; and C; will coincide with
one or other branch of the flecnode curve by (29) and that this branch
will be a straight line by (8a) and (F). The necessary and sufficient con-
ditions that C; and C: shall be distinct plane curves are, by (2) and (30)

(40) Ay = PraS12 — qua 12 = D Q1 — P2 Doz a2 + G2 + Dr2 qiz — P12 12 = 0,
(41) Ay = D21821 — Qa1 7e1 = Pr2qui — PPz Quz + @iz + P12 Qrz — Pr2 Q12 = 0.,
From (40) and (41) we find
Ay — Ay = P12 Q12 (P11 — Pa2) = 0,
so that either
P2=0, qu2=0, or pu— pn=0.
We may then replace conditions (40) and (41) by one of the pairs of equations

(a) Ar=0, pu=0,
® A, =0, g2 =0,
(c) A =0, P11 — P2 = 0.

(@) If p1a = 0, A; = 0 reduces to g2 = 0. Now from

_ 1/p, ;
P12=§(p*'2—&) =0,

P2 Pa
we have as before
zzi_;_§<z’£>2_ 2( _ﬁ) _ﬁj(z_’é_x)z_ 2( _A_z)
P 2\ pu T ph) T on 2\ pa M)
or
4 A _
P e

But this result substituted in q12 = 0 gives ¢11 — ¢22 = 0, that is,

Oy = (unn — ue)? =0,
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and this together with w;; = ug; = 0 reduces S to a quadric,* a surface for
which both flecnode curve and complex curve are indeterminate.

() If g2 =0, A; = 0 reduces to either p1s = 0 or g1 = 0. The first
possibility has already been treated in (¢). From g1 = 0 and ¢q12 = 0 we

conclude
s 1 py %(P_) _
qu + q12 = qu 3 pay +4 i) = 0,
p - 1pe §<Z_’£)2 —
qu — ¢z =¢n — 3 P + i\pe) = 0,

and these equations are equivalent to (10). Whence the two branches of the
flecnode curve are distinct, non-rectilinear, plane curves.

() P — Paz = O reduces to Vpp pay = 0, that is, either p;; = 0 or
P21 = 0, a situation already considered.

We conclude then that the converse of Theorem I holds.

The question of the extent to which a ruled surface is determined by the
condition that the two branches of its flecnode curve shall be distinct, non-
rectilinear, plane curves may be answered by the following construction.

Let C be any given plane curve. On C let any set of points Py, ---, Ps, - -+
be taken, corresponding for instance to values of the parameter £ differing by
A¢. Through each of the points Py, Py, Ps;, draw an arbitrary line and let
Q1, @2, @3, be the points of intersection of these three lines g1, g2, g3, with an
arbitrary plane x. Through P; and @, respectively draw the lines f; and f7
which intersect g1, g2, gs. The plane determined by f, and P4 will intersect
fi. This point of intersection, together with P, will determine a line g4
which intersects both f; and f} and cuts the plane x in a point 4. Through
P, and Q. respectively draw the lines f; and f; which intersect g», g3, g4.
The plane determined by f; and Ps will intersect f; . 'This point of intersection,
together with Pj will determine a line g5 which intersects both f; and 3 and
cuts the plane x in a point 5. Proceed thus, locating each time a new point
in the plane x. The sets of lines f; and f are such that each line of either set
intersects four successive lines of the set g;. When A approaches zero the
set of lines g; will constitute a ruled surface S, while the sets of lines f; and f7
will also constitute ruled surfaces F’ and F”’ such that each line of either surface
will be a four-point tangent to S, those of F’ having as locus of their points of
tangency the curve C and those of F”” having as locus of their points of tangency
the locus of the points @;. S will therefore be a ruled surface whose flecnode
curve consists of two plane branches.

The arbitrary choice of the plane x should, in the analysis, give rise to three
constants of integration, while the three lines g1, g2, g3, should give rise to

*W., p. 150.



522 A. F. CARPENTER: [October

six additional constants, making nine in all. We may exhibit these nine
constants as follows. We may think of the invariants 65 and 85 of C as given
functions of a parameter £ since these two invariants are sufficient to determine
a plane curve except for projective transformations,* and since when a para-
metric representation of a plane curve C is given, the invariants are known
functions of the parameter. We wish to identify the curve C with the branch
C, of the flecnode curve of the surface S, where the invariants ©; and ©;
of C, and the coefficients of system (¥) are thought of as unknown functions
of . We may assume that the independent variable x of (F) is so chosen as
to make ga2 — q11 = 1 and we will then have for the determination of these
unknowns, from (8a), the conditions

(42) P2 — 2q12 = 0, P — 2¢1 =0,
from (Sa) and (10)
43) P (14 qu) —peq:+3¢:=0,  phiqu— pagn+ 3¢ =0,
from (18) )
(44) Dy g, = 0.
P2

1

The invariants O; and 65 of C,, are connected by the relationt

0 = 60,0, — 70;" — 27P, 6},
which, by (17), (17a), and (10) becomes
(45) 60,0 — 70, + 27 [} (propms — 4qu) — 116§ — 65 = 0.
To complete the identification of C and C, we have the two relations
(46) 0s £ =05, ;¢ =05,

which must hold when the independent variable is transformed from £ to z.
By a suitable combination of equations (42) and (43), i1, ¢i2, ¢21 may be
eliminated and a new equation obtained involving only pi2, ps1 and their first
and second derivatives. ©O3; may be eliminated between (44) and the second
of (46) and an equation of the first order in £ and p;; obtained. By means of
the second of (43) and equations (46), O3, ©s, and ¢;; may be eliminated from
(45) and an equation of the third order involving £, pi2, ps1 obtained. The
solution of these three equations in the three unknowns £, pi2, ps1,is a problem
of the sixth order involving six constants of integration. When &, p1a, P21
have been found, all the remaining coefficients of system (¥) may be obtained
without further integration. The existence of a six-parameter family of

*W,, p. 6l.
t W., p. 59.
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surfaces each of which has the given curve C for one branch of its flecnode curve,
is thus established. But to the surfaces of this family must be added all those
which may be obtained from them by the most general projective transforma-
tion which leaves the points of the plane of C invariant. This transformation
involves three additional parameters, thus completing the count.

2. CASE OF COINCIDENT PLANE BRANCHES OF THE FLECNODE CURVE

When the two branches of the flecnode curve are coincident we may no
longer make use of our system of differential equations in the form (F). If we
choose the curve with which both branches of the flecnode curve coincide for
one directrix curve, €y, and any asymptotic curve of S for the other directrix
curve, we shall have

(47) 0, =0, up =0, P21 = 0.*

We may further assume that p;; = ps; = 0 without disturbing conditions (47).
From (47), (4), (5a), and (5d) we find

0 = (un — u22)2 = 16(1122 - ¢I11)2 =U,
so that q11 = ¢u2. System (4) now becomes
(Fr) ¥ 4+ ped+qey+ip2=0, 2" +quy+gez=0.

Corresponding to equations (5) we have

(48a) w11 = upe = — 4qo2, up =0, Ug1 = — 4qa,
m = — 8q;2 - 41712 go1, 12 =0, To1 = — 8q;1 ’
(48b) ,
Voo = — 8(]22 + 4p12 q21,

w1 = — 16(1;; - 817;2 q21 — 161)12 (I"zn, W12 = 8P%2 q21,
(48c) y . . ,

Wo1 = — 16Qz| s Wag = — 16!]32 + 81712 gn + 16?12 g2,

I = upn + use = — 8¢aa, J = un us = 16g;,,

(48d)

K = vy 022 = 64qss — 16ph ¢l

The invariants given by (4) may now be calculated. They are

0:=0, 04, =0, 6y=2ph¢}, ©O1=0,
6 = —2'3pl. 3.t

Let the independent variable now be so chosenj that

(49)

Ui + Uge = — 8qaz = 0,
*W.,, p. 142,
t In general, ©; is defined by 65 = 210,+ 5 (K — I+ 4 (K+11" —27").
1 W, p. 172,
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and at the same time let us suppose that C, is a plane curve. The first of
equations (10) becomes
’r 2
) . PPz — §piz = 0,
from which we obtain
4

P12 = (_05- "|;‘C~1_)2 .
The coefficients of (F;) now involve one arbitrary function ¢z; and two con-
stants of integration. But one of the latter is not essential, for the transfor-

mation
n =y, = ¢z, E=2+4ci/c,

leaves unchanged all the conditions thus far imposed and serves to remove c; .
System (F;) now takes the form

n 4 ! 4 11
n +;,3—Ez'§ +c'_3'§;—;§=0» ¢ +CQ2177=0,
and for this system we find
325 g3

6, =0, 6 = T Oy

14 3
_2 g
- cb 56 ’

041 =0, O = 0.

If s and O, are regarded as given functions of £ then the coefficients of system
(F;) are determined except for one constant of integration.

Of special interest in the case under consideration is the secondary develop-
able of the flecnode curve.* Through each point of the flecnode curve there
pass four lines of special interest, the generator P, P, of S, the flecnode tangent
P, P,, the tangent to the flecnode curve P, P,,, and the harmonic conjugate
of the latter with respect to the first two. The locus of this last line is a de-
velopable surface called by Wilczynski the secondary developable of the flec-
node curve. The tangents to the flecnode curve also generate a developable
which is called the primary developable. Associated with these two develop-
ables is a one-parameter family of ruled surfacest each of which has one branch
of its flecnode curve in common with that of §. Moreover, the generators
of these surfaces, at each point of their common flecnode curve, form an in-
volution the double lines of which are the generators of the primary, and
secondary, developables through that point.

The secondary developable is the locus of the line P, P,t where

(50) T=y + pusz,

while the one-parameter family of ruled sucfaces is generated by the line P, P,
where
e=17+k/=0+k)y + pr 2,
*W., p. 233.
T W., p. 234.
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any given surface of the family being obtained by holding % fixed* and varying
. The system of differential equations for this family of ruled surfaces has
for dependent variables y and ¢ and for coefficients, functions of k£, and of the
coefficients of system (F), or of system (F;), according as the two branches of
the flecnode curve are distinct or coincident. For the latter case, if in ad-
dition to condition (47) we impose the condition that C, shall be plane, given
by the first of equations (10), the coefficients in question are

1+k 1
P11=——2—-|;c“0, P12=_7C,
1 )
Q11=—ﬁ(0'—%02), Qm:ﬂ;’
(14+k) (1 —3k) , 1 — 3k
(50a) Py = Ak 4+ (1+k)d, Py, = —21‘7—“19,

Q= —kpgu+3(1+k)(9 —9¢)

(L+k)(1—3k)
+ 4k

(190, - %03):

2F -1
Q2 = T 8 — 39,

where ¢ = p1./p12.1

The invariants of this family of surfaces may now be obtained by applying
(4) and (5). They do not involve k and are precisely those of the surface S
given by (49). Since 0, = 0, the flecnode curve on each surface of this family
has coincident plane branches. But there is a further important property
of this family. If we consider any two surfaces Sk, and S,, then the system
of equations whose integrating ruled surface is Sg,, is transformed, coefficient
for coefficient, by

y=kg, e=3—k)dj+hke,

into the system whose integrating ruled surface is S,, that is, the surfaces of
the family are projectively related. We have then

TrEOREM II: If the two branches of the flecnode curve of a ruled surface S
coincide in a plane curve, then there exists a one-parameter family of mutually
projective ruled surfaces each having the two branches of its fleenode curve coinciding
with that of S, and to this family S and its fleenode surface belong.

The curve C, has been assumed to be plane and therefore the primary de-

* Tt is of interest to note that the cross ratio of the lines P, P;, P, P,, P,P,, P,P,,is

—k.
t S and its flecnode surface F are obtained by taking k equal respectively to — 1 and 1.
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velopable reduces to the plane of C,. From (50), by differentiation and the
use of the first of (F;), we find

lpia , _1pie

'
2 p1a 2p12T+T 0,

g2y +

so that y, y’, 7, 7/, satisfy a linear relation of the form

Ay + py' + vt + o7,

where
= _ 1 Piz _ 1 @ -
)\—thz, “_21)12’ vV = 2?12’ _1'
We further observe that
1p. 3 (Piz)2
1 ’ — r -t _ - iz — = 0’
(51) Fo—p' =N +w=3 pe 4\ pn Qa2

in view of the first of equations (10). But (51) is the condition that the
developable generated by P, P, shall degenerate into a cone whose vertex is
given by

- 1 p
(52) §=py+pr =512

1
’ - ’ 2 *
2p12y+y +p12z—2p12(pnp+puy+plzz).

We have shown that when the two branches of the flecnode curve coincide
in a non-rectilinear, plane curve, the secondary developable of this curve be-
comes a cone. Let us assume only that one of the two branches, C, say, of
the flecnode curve is plane and that its secondary developable is a cone. The
condition for this ist

A= 217%2 (Q22 - ¢I11) = 0.

But since p2 # 0, it follows that ¢ — ¢11 = 0 and hence that 6, = 0.
The two branches of the flecnode curve therefore coincide. We may now
combine the last two results in

TrEOREM III: In order that the two plane branches of the flecnode curve of a
ruled surface may cotncide it i3 necessary and sufficient that the secondary devel-
opable of one of these curves be a cone.

Let us think for a moment of the flecnode curve as being composed of two
distinct branches not necessarily plane. The edges of regression of the secon-
dary developables of these two branches are the loci of the points whose
expressions are

(53) g =Dy + P2+ pep, h=phy+paz+puc.t
*W., p. 131.

1 W., p. 236.
1 W, p. 235.
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Now the equation of the quadric osculating S along L,, is
12y —xpa3 = 0.%
The equation of the polar plane of the point P, with respect to this quadric is
P12y + plaas — praas =0,
and that of the polar plane of the point P, is
Par @y — Pa &3+ Py = 0.

But these are exactly the planes which osculate C, and C, at P, and P, re-
spectively, as given by (38) and (39). In other words, the edges of regression
of the secondary developables of the two branches of the flecnode curve of §
are the loci of the poles of the planes osculating the flecnode curve, taken with
respect to the quadrics which osculate S. This theorem has been stated
without proof by Tzitzeica.f

If now C, and C, coincide in a plane curve, the osculating planes coincide
with the plane of this curve and the secondary developable becomes a cone
the vertex of which is the common pole of the plane of this curve taken with
respect to the osculating quadrics of S. The expression for this point given
by (50) is of course a multiple of that given by the first of (53).f We make
use of this pole and polar relation in a construction of the surface.

Let C be any given plane curve. On C let points Py, -+, Ps, - -+ be taken
corresponding to values of the independent variable differing by A¢. Through
P; and any point P not in the plane of C, pass the line PP;. This line,
together with the tangent to C' at P,, determines a plane PP; T;. In this
plane draw any line g; through P;. In the same way through P, and P;
draw lines g» and g; lying respectively in the planes PPy Ty and PP; T;.
Through P, draw the line f; which cuts g, and g;. It will intersect the plane
PPy T4 in a point which with P, will determine a line g4. Through P; draw
the line f» which cuts g3 and g4. It will cut the plane PP;s T in a point which

*W., p. 191.

t Tzitzeica, Comptes Rendus, July, 1908, p. 173.

1 In the one-parameter family of ruled surfaces whose differential equations have the coef-
ficients given by (50a), the surfaces Sy and S_; bear the same relation to the primary and
secondary developables of C, as do S and F'. It is therefore to be expected that P, would be
the pole of the plane of C, with respect to each of the quadrics H osculating S;. This is
easily verified, for the equation of H; is found to be

2 2 ,
T1%T4 — }'—;*k‘zfcz T3 =3(k—1) (2:)21‘2‘*' 1}1223{%_}_ % - Zgzzx.ﬂ - zf:xs xt) ’
and the polar plane of P, with respect to H; is given by the equation

Prt:+ pxs — plaxe = 0.
P, is therefore the pole of the plane of Cy with respect to an «?2 of osculating quadrics.
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with P; will determine a line g5. So proceed, obtaining alternately new lines
fand g. The two sets of lines g and f are such that each line of either set
intersects four consecutive lines of the other set. Now let A¢ approach zero.
As the points P;_, P;, P;;1 approach coincidence, the quadric determined by
the three lines g;_1, g:, gi+1, approaches a limit quadric H;. Moreover, with
respect to this quadric P and the plane of C have the pole and polar relation
since P is the point common to the planes tangent to H; at P,_y, P;, Piy.
At the same time the two sets of lines g; and f; will approach two ruled surfaces
S and F each of which is one sheet of the fleecnode surface of the other, and C
will be one branch of the flecnode curve for each surface. The quadrics H;
will osculate S along the generators ¢; and the plane of C will have with respect
to all these osculating quadrics the common pole P. Since the locus of the
poles of the plane of C with respect to the H; is the edge of regression of the
secondary developable of C, this developable is a cone and hence S, and there-
fore F', have the two branches of their common flecnode curve coincident and
plane.

The way in which g1, g2, g5 have been taken should in the analysis give rise
to three constants while the choice of an arbitrary point P should produce
three more, making six in all. Under the conditions

04 = P11 = P21 = P22 = U2 = 0,
and with C, a plane curve, we have from (10) and (F4)
(54) sz q22 — D12 qiz + 3(1%2 =0, qu — g2 = 0, p;z — 2q12 = 0.

By an appropriate choice of the independent variable of the surface, we may
make 63 = 1.* When this is done it is easily shown that the invariants O3
and 6; of C, satisfy the relations

P12 Qo1 = — 03 = -1,

(55) ; . )
es + 36([22 63 + 793 - 693 93 = 93 + 3GQ22 =0.

In order to identify the curves C and C, relations (46) must be satisfied. By
making use of the first and third of (54), the second of (55) and the first of (46),
we may eliminate qi2, ¢22, and O and obtain an equation of the second order
involving p1; and £. The second of (46), in view of the choice of the inde-
pendent variable, reduces to an equation of the first order in £ alone. The
solution of these two equations in the unknowns pys, £, involves three constants
of integration. When p;; and ¢ have been found the remaining unknowns
may be obtained without further integration.

* We may always do this unless 6; = 0. But if 8; = 0 either p12 = 0 or g21 = 0 from (55).

Since we exclude here the case where C, is a straight line, pi2 4 0, so that we must have ga; = 0.
But this makes w21 = 0 by (48a) and hence S is a quadric.
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The existence of a three-parameter family of ruled surfaces each of which
has the two branches of its fleecnode curve coinciding with C, is thus established.
But to the surfaces of this family must be added all those which may be obtained
from them by the three-parameter projective transformation which leaves the
points of the plane of C invariant. The six constants of the construction are
thus accounted for.

We may think of each surface of the three-parameter family first obtained
as being determined by a pair of directrix curves consisting of the curve C
and one of the asymptotic curves of the surface. Since on each surface there
is a single infinity of asymptotic curves, the 3 of surfaces gives rise to a four-
fold infinity of asymptotic curves. If the constants involved in calculating
the coeflicients of system (F,) are thought of as determining the directrix curves
of the surface rather than the surface itself, then it would seem that four such
constants are required. But it has been shown that there exists a single
infinity of mutually projective surfaces having C for common flecnode curve
and all having the same cone for secondary developable. The double infinity
of asymptotic curves belonging to this family of surfaces are themselves
mutually projective and hence may be accounted for by a single constant in
the calculation of the coefficients of system (Fy).

3. RECTILINEAR BRANCHES OF THE FLECNODE CURVE.

The case where one, or both, branches of the flecnode curve are straight
lines has been considered in detail by Wilczynski.* It is worth while however
to call attention to one or two matters of interest.

Let p2s = 0. Then system (F) becomes

(56) Y' +ped +quy+3pe =0, 2+ ¢gez=0,

so that C, is a straight line. Moreover, by (7), 6y = 0 and ©;p = 0. If
we think of the non-vanishing invariants 0, and 4., as given functions of z,
it is possible to determine g¢1; and ¢s2 from the first two of equations (7).
But p;. remains as an arbitrary function, that is, the invariants do not suffice -
to characterize the ruled surfaces.t If however we suppose C, to be a plane
curve, then from the first of equations (10), p12 may be determined except for
two constants of integration.

We have seen that a ruled surface cannot have two non-degenerate conics
for the two branches of its flecnode curve. But these two branches may consist
of a straight line and a conic as we shall see.

Under the conditions p11 = pa1 = pea = U1z = usy = 0, the value of the

*W., ch. VIIL
t W, p. 171.
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invariant of weight three of C, is given by (18). For ©; = 0 we get on in-
tegrating
P2 = ¢ (qa2 — qu),

or, if we suppose the independent variable to be so chosen that

Uil — U2 = 4((122 - (]11) =1,

then p12 = %c. Thefirst of equations (10) then gives gas = Osothatqy = —
and (36) becomes
") VoA~ =0, =0,

Equations (57) are indeed a special case of equations (28).

We proceed to obtain the cartesian equation of a ruled surface which has a
straight line and a conic for the two branches of its flecnode curve. For con-
venience let ¢ = 1. Then a fundamental system of solutions of (57) is

1 pa— | g—
ypr=¢", =¥+l y=e -1, y=eP,
21 =1, 20 =, 23 = —2x, 24 =1.

An arbitrary point on the line L, is given by

x1=)\e‘f"+u, x2=)‘(3—ix+1)+ﬂx:
(58) ,
3 = N(e¥* — 1) — ux, Ty =N+ pu.
We have
Xl =2 +9)2 +.1'3 — Xy = 2)\(3"“, ‘Y;; =1 — Xy — X3 + Xy = 2[.1,
Xo=—-—ni+wtastas=20%, Xj=a1+a,— a3 — a4
=2 (N + ux),
‘_X:}=,6;; 5Y_2=Z‘e-.;x &_l‘+x XXy W Xy
A SR G . ¢ ’ X Tg@ X,
whence
X,y VX, X, X,
x, " E Ty, ey
which becomes

E= (?“7}]085)2,

where Xo/X1 = &, X3/X1 = nand X,/X; = { are interpreted as the cartesian
coordinates of a point in three space. The introduction of X; in place of z;
amounts merely to a projective transformation and this does not change
the character of the curves involved. It is easy to show that for the above
surface the flecnode curve is made up of the parabola {2 = ¢ in which it is cut
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by the £¢-plane, and the line at infinity common to the set of planes perpen-
dicular to the £-axis. The rulings of the surface are the straight lines

E=k, §‘=n10gk:|:\/—l;.

DUALIZATION OF THE PROBLEM.

The adjoint system of system (F), whose integrating ruled surface is the
space dual of S,* has the coefficients

(59) Py = Dik le = (12, Q21 = (21, Qu = (22, Q22 = {11.

If 2 is the space dual of S, then to each point, line, plane, of S there corre-
sponds a plane, line, point, of Z.

Corresponding to the flecnode tangents of S, thought of as four point tan-
gents, there will be a set of tangents to Z, each one lying in four successive
tangent planes, that is, having four consecutive points (the points of tangency
of the four planes) in common with . Hence the flecnode curve of 2 corre-
sponds to the flecnode curve of S.

The condition that all the points of the flecnode curve of S shall lie in two
distinct planes corresponds to the condition that all the planes tangent to =
along its flecnode curve shall form two distinct cones. Equations (10) may
evidently be interpreted in either way, or, in view of (59), we may say that
the conditions

Plz qun — P12 Pz + ip.=0, Dii Qo2 — 3P P + %P;f =0,
are necessary and sufficient to insure that the tangent planes to S along its
flecnode curve shall envelope two distinct cones.

We may now dualize some of our preceding results.

There are no ruled surfaces the tangent planes to which along the flecnode
curve, envelope two quadric cones.

There exists a single infinity of classes of mutually projective ruled surfaces
having the property that their tangent planes drawn at points of their flecnode
curves envelope two distinct cones, one of which is a quadric cone.

If the tangent planes to a ruled surface along its flecnode curve envelope
two distinct cones, then the tangent planes at the points of its complex curve
have this same property, and the vertices of these four cones form a harmonic
range on which the vertices of the first two are separated by the vertices of
the second two.

Since the invariants of the adjoint system are the same as those for system
(F) except that ©, = — 6,1 it results that when the branches of the flecnode

*W., p. 134.
tW., p. 143.
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curve of S coincide, those of Z also are coincident. Moreover if the former
constitute a plane curve, the tangent planes to = along its flecnode curve,
envelope a cone. But we have seen that this last is both necessary and suf-
ficient to make the flecnode curve of 2 a plane curve, for the envelope of the
tangent planes along a branch of the flecnode curve is the secondary develop-
able. We conclude therefore that if the two branches of the flecnode curve
of a ruled surface coincide in a plane curve, the same is true of the dual surface.
Moreover both surfaces have the dual property.
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